The motion of spherical gas bubbles in isothermal and nonisothennal glassmelts is analyzed both analytically and numerically by means of lumped models. The analytical studies provide expressions for the bubble radius and location as functions of time in the absence of mass transfer and have been obtained using a linear temperature gradient, a linear dependence of the surface tension on the temperature, and average values for the dynamic viscosity and/or surface tension. Three flow regimes have been analyzed: the buoyant, the thermocapillary, and the mixed buoyant-thennocapillaty regimes. Numerical solutions to both the bubble radius and location have been obtained using the local values of both the dynamic viscosity and surface tension in the absence of mass transfer. These numerical results indicate that the bubble radius at refining is about 8% of the bubble's initial radius, while the bubble velocity increases as the initial bubble radius, mean temperature, and thermal gradient are increased. Bubbles in zero-gravity environments and without mass transfer move slowly, and the bubble radius and velocity increase as the initial bubble radius and temperature gradient are increased, but they decrease as the glassmelt mean temperature is decreased. Numerical studies of gas bubbles with mass transfer in nonisothermal glassmelts indicate that, for a bubble containing only oxygen initially, nitrogen, carbon dioxide, and water vapor difSuse from the glassmelt to the bubble, whereas the oxygen diffuses from the bubble to the glassmelt. The time required by the bubble to be dissolved increases as the initial bubble radius, mean temperature, and thermal gradient are increased. 0 1997 by Elsevier Science Inc.
Introduction
In glassmelting, chemical reactions release gases combined or absorbed in the raw materials and entrap these gases in the melting mixture. To both render the glass transparent and to provide usable strength, these gas bubbles are eliminated by means of refining processes. These processes may be of three types.* In buoyancy refinement, additives or refinement agents that decompose rapidly to form new bubbles may be added to the glassmelt, or the gases diffuse into existing bubbles, causing them to grow so that they rise quickly to the glassmelt surface due to buoyancy. In chemical refinement, additive agents are added to the melt so that the concentration of oxygen dissolved in the glass decreases and the oxygen diffuses out of the bubble into the glass. The third refinement process, here referred to as thermal refinement, is based on the Marangoni effect, i.e., temperature gradients in the glassmelt and temperature-dependent surface tensions cause a force on bubbles that migrate in the direction of the temperature gradient.*
The first two refinement processes are commonly used in commercial glass manufacturing processes and have been the subject of some interest for many years. [3] [4] [5] Thermal refinement has been disregarded because the temperature gradients in the glassmelt are small, and the thermocapillary motion may be neglected under standard gravitational conditions. With the increasing interest in space manufacturing in micro-or zero-gravity environments, thermal refinement processes have been a subject of active research.',6T7 In fact the pioneering work of Young et al.* showed that a gas bubble could be held stationary in a gravitational field if a negative temperature gradient were imposed to counteract the buoyant velocity. These experimental studies have been followed up by numerous analytical and numerical ones in which the bubbles were considered to preserve their spherical shape in zero-gravity conditions. 6,7 Some of these studies obtained rather lengthy approximate equations for the stresses on the bubble in terms of spherical harmonics, but they are too cumbersome to be applied in industrial glass manufacturing processes where lumped models based on available experimental data that are governed by ordi-0307-904x/97/$17.00 PII SO307-904X(97)00034-6 nary differential equations for the bubble radius, location, and composition are commonly employed to examine refining processes. 3-5 Furthermore, most of the detailed analytical and numerical studies of bubble motion based on the solution of the continuity, Navier-Stokes, and energy equations have considered either the buoyant or the thermocapillary regime, while most lumped models have not included the effects of the temperature-dependent surface tension on the dynamics of gas bubbles in glassmelts. These effects are considered in this paper where a lumped model for gas bubbles in thermal gradients is developed and studied both analytically and numerically fist in the absence of and then in the presence of mass transfer.
The objective of this paper is severalfold. First, analytical solutions of the bubble radius and location in glassmelts are obtained as a function of the temperature gradient and gravitational pull in the absence of mass transfer. These analytical solution are based on average values for the glassmelt dynamic viscosity and/or surface tension and are obtained in the buoyant, thermocapillary, and mixed buoyant-thermocapillary regimes by assuming a linear temperature distribution, a surface tension that is a linear function of the glassmelt temperature, quasi-stationary bubble motion, spherical bubbles, and uniform pressure, concentration, and temperature distributions within the bubble. Second, numerical solutions are obtained for the buoyant and thermocapillary flow regimes in the absence of mass transfer by accounting for the spatial distribution of temperature. Finally the effects of mass transfer on gas bubbles in thermal gradients are assessed by numerically solving the ordinary differential equation that govern the location, radius, and composition of the bubble as functions of time using the gas bubble model developed by the author.4
Formulation
Consider a spherical bubble of initial radius R, = R(O) located at an initial depth H below the surface of a glassmelt, and assume that there is no mass transfer between the gas bubble and the glassmelt, that the bubble acceleration is zero, that the bubble preserves its spherical shape, and that the concentration, pressure, and temperature are uniform within the bubble. The pressure within the bubble is given by where pa is the pressure above the glassmelt, p is the density of the glassmelt, g is the gravitational acceleration, z is the coordinate measured from the initial location of the bubble, and g is the surface tension.
The bubble is subjected to gravitational pull and pressure and friction drag. The gravitational pull is given by Archimedes' principle, i.e., Fg = 5~R~g( p -pb), where pb is the density of the gases in the bubble. The drag on the sphere depends on the amount of surfactants on its surface.*s9 If the bubble's surface is fully covered by immobile surfactants, its drag corresponds to that of a solid spherical particle and is governed by Stokes' law. If there are no surfactants, the drag is given by the Hadamard-Rybczynski law, i.e., FD = 2rpR1.4 3l% + 2P tLb + p (2) where p denotes the dynamic viscosity, u is the bubble velocity, and the subscript b refers to the bubble. Since pb -=z p and pb < p one may neglect both the viscosity and the density of the bubble compared with those of the glassmelt, so that 4 Fg = yR%g, FD = 4?rpRu
If there are no temperature gradients in the glassmelt and the bubble motion is slow enough, these two forces are identical and result in 1 R%g L4 B=3-P
for clean surfaces, whereas, for immobile interfaces, equation (4) must be replaced by 
where B = i and $ for the Hadamard-Rybczynski and Stokes drag laws, respectively. Owing to both the presence of a temperature gradient and a surface tension that varies with temperature the bubble velocity has an additional term," i.e.,
where T is the temperature and K denotes the thermal conductivity. Since K, -=z K the above expression may be simplified and written as
dT dz 2p (8) so that the bubble velocity is 3.1 Isothemzal glassmelts
The thermocapillary or Marangoni velocity, uw, is positive if dT/dz > 0, since, in general, du/dT < 0. Therefore the thermocapillary velocity has the same direction as that of the temperature gradient. If there is a positive temperature gradient in the glassmelt, both the buoyancy and the thermocapillary velocity are upward, whereas, if there is a negative one, they are opposite to each other. If the temperature gradient is negative and such that the bubble radius is R, = Idm/dTI IdT/dzl/2Bpg, then the bubble remains stationary.
In the absence of mass transfer between the bubble and the glassmelt the mass contained in the bubble is constant, and if the gases are assumed to behave ideally, then pR3 = AT (10) where A = 3ni?/br, n is the number of moles within the bubble, and R is the universal gas constant. Equation (9) indicates that there are three possible flow regimes. The buoyancy regime is characterized by luBl x=. IuMI, R s-R, and negligible thermocapillary effects. The thermocapillary regime corresponds to luMl s== 1~~1, R <R, and negligible buoyancy, whereas the mixed thermocapillary-buoyancy regime corresponds to lugI = O(lu,l) and both thermocapillary and buoyancy are important. These three regimes are analyzed in the following sections.
The average values of p and u may be determined as where the overbar denotes average value, 4 refers to /A or U, TH = T(z = H) and TB = T(r = 0).
Buoyancy regime
In the buoyancy regime, the thermocapillary velocity may be neglected cdmpared with the buoyant one, i.e., u = uB. Furthermore, it the temperature gradient is a linear function of z, i.e., T = D + Ez, where D and E are constant, and average values of both cc. and D are considered, then there are analytical solutions for both the radius and the bubble location as indicated in the next subsections. Note that equations (1) and (10) may be differentiated with respect to z, and the pressure gradient may be eliminated between the two equations to obtain If E = 0, one may separate the variables in equation (11) to obtain, after integration,
where C, is an integration constant that may be evaluated from the condition that R = R, at z = 0. The bubble radius at refining, R,, is defined as the radius when the bubble reaches the free surface of the glassmelt, i.e., when z = H, and may be expressed as
where R, = R(z = H) may be easily determined from the solution of equation (14) . l1 Furthermore, since dz/dt = a, one may easily obtain the radius as a function of time, t, from equations (9) and (12), i.e.,
where C2 is another integration constant and t denotes time. Note that the time is counted from z = 0, which corresponds to t = 0. Equations (9), (12) , and (15) may be used to determine the bubble velocity as a function of either t or z.
Glassmelts with thermal gradients
If there is a thermal gradient in the glassmelt, one may introduce n = 3A(D + Ez) and a3 = AE/pg and write equation (12) as
which is a first-order, linear, ordinary differential equation whose solution is, after some integrations,12
where C, is an integration constant that may be easily determined from the condition that R = R, at z = 0. The radius of the bubble may also be calculated as a function of time by using dR/dt = u dR/dz and Equations (9) and (12) . The result may be written as12 where C, is another integration constant that may be easily determined from the condition that R = R, at t = 0.
Thermocapillary regime
In the thermocapillary regime 1~~1 X-lu,l, so that u = uM and buoyancy effects are negligible. These effects are exactly equal to zero in zero-gravity environments. If the surface tension varies linearly with the temperature of the glassmelt, i.e., u = d -bT, where b and d are constants, the bubble velocity is
where a linear temperature gradient has been assumed. Elimination of the pressure gradient between equations (1) and (10) yields
which is a linear, first-order, ordinary differential equation whose solution may be written as
where a2 = A/2b, C, is an integration constant and equation (21) gives the radius of the bubble as a function of z. The radius of the bubble as a function of time may also be obtained analytically since dR/dt = u dR/dz. Therefore by using equations (19) and (21) one obtains after some integrations'= 2 gt+C2=
:ln(a2+R2)-C,a2
where the constants C, the conditions at z = 0.
and C, can be determined from
Mixed buoyant-thermocapillary regime
This regime may, in principle, be analyzed by means of the same techniques as those used in the two previous sections. For linear temperature distributions in z and linear surface tensions in T, elimination of the pressure gradient between equations (1) and (10) yields
where p = pg/2bE. Equation (23) is a linear one and may be integrated by means of an integrating factor that depends on the roots of the denominator of the right-hand side of the equation. It is easily shown that the cubic polynomial in the denominator of equation (23) has one real root and two complex conjugate ones,12 i.e., the roots are
where i2 = -1, and e and f may be easily determined from the above equations. The solution of equation (23) may be written, after some integrations,'= as
where
C, is an integration constant that may be determined from the condition that R(O) = R,, and
Equation (27) provides the radius of the bubble as a function of z; however, it has not been possible to perform the integration in that equation analytically.
Justification of assumptions
Several assumptions have been made in obtaining the analytical solutions presented in previous sections. These assumptions are discussed and justified in the next paragraphs. The uniform temperature of the gases contained in the bubble is justified because the thermal diffusivity of gases is larger than that of the glassmelt. The uniformity of the pressure within the bubble is a consequence of the slow motions considered here and the fact that the mass diffisivities of gases are larger than the binary diffusion coefficients of gases in liquids, while the ideal gas approximation is a valid one provided that the pressure is not too high.
The assumption that the bubble preserves a spherical shape as it moves through the glassmelt requires that the capillary, Cu, Weber, We, and Eotvos, Eii, numbers be much smaller than unity, where
and the Eiitvos number is also referred to as the Bond x lo-' ftt-63.1 61 number. Note that Ca, We, and Eii represent the ratios of viscous stresses to surface tension, inertia to surface tension, and buoyancy to surface tension, respectively. In addition the drag laws employed here are only valid for Reynolds numbers Re = 2plulR/~ < 1, while the quasi-stationary approach holds if the characteristic time for velocity variations or the residence time is larger than that associated with the variation of the bubble radius. In the thermocapillary regime the Marangoni number plays a similar role to the Reynolds number, and it is defined as Ma= lulR a
where (Y = K/PC, denotes the thermal diffusivity, and Cp is the specific heat at constant pressure. Perhaps the use of average values for the viscosity and, in some cases, the surface tension is the most difficult assumption to justify in the present model. In general the glassmelt viscosity is a strong function of the temperature, e.g., the viscosity dependence on temperature is of the fb163.2 801 /-Arrhenius type in glassmelts, and small changes in temperature may produce large changes in viscosity. Therefore the use of an average viscosity is only justified provided that the temperature does not change much, i.e., provided that 2KT, -TB)/(TH + Tall CK 1. On the other hand the use of an average value for the surface tension may be justified in the buoyancy regime where thermocapillary effects are not very important. Note that according to the analysis presented in previous sections the viscosity does not play a role in determining the bubble radius as a function of z, although it plays an important one in determining the bubble velocity and the bubble location as functions of time.
When the assumption of average values for the viscosity and surface tension is not a valid one, one may use numerical methods to determine the bubble radius, location, pressure, and velocity as functions of time. However the analytical solutions obtained in previous sections are very important, for they do show clearly the dependence of the bubble radius on the temperature, viscosity, density, and surface tension. It must be noted that, in the absence of surfactants, equation (9) is only valid for B = l/3, i.e., for the Hadamard-Rybczynski drag law. If there are surface-active surfactants, i.e., if there is mass adsorption at the bubble surface, these surfactants are swept toward the rear of the bubble building a surface concentration gradient whose effect is to retard the motion of the bubble surface and, hence, the thermocapillary drift velocity.' If the surfactant is insoluble in the bulk phases and if its diffusivity on the bubble surface is negligible, the consequence of the bubble motion is to form a stagnant cap on the rear of the bubble where the no-slip boundary condition prevails in a reference frame moving with the bubble.' As a result, not only does the bubble offer more resistance to motion, but the thermocapillary effect is confined to only the surfactant-free portion of the bubble surface with the consequence of a substantial retardation of the bubble motion. If sufficient surfactant is present, the entire bubble surface can become stagnant and the thermocapillary motion can be completely arrested.
To account for the presence of surfactants on the bubble surface it is necessary to solve the Navier-Stokes and the mass and energy conservation equation within the bubble and in the glassmelt subject to appropriate boundary conditions at the bubble surface. These conditions must account for the rheology of and surfactant concentration on the bubble surface. Kim and Subramaniam13 studied the thermocapillary migration of a droplet in the presence of an insoluble surfactant at low Reynolds and thermal Peclet numbers, assumed that the droplet remains spherical and that surface tension depends only on the temperature, and showed that the droplet migration velocity contains two terms at leading order in their asymptotic expansion. The first term is that of Hadamard-Rybczynski, while the second one depends on capillary effects. Their leading-order results coincide with those of Young et al.' because, for a surface Peclet number equal to zero, the uniform distribution of insoluble surfactants on the bubble does not influence the migration process. Kim and Subramaniam" also showed that their leading-order migration velocity coincides with that of Young et a1.2 for small surface elasticity numbers, i.e., when either the surface concentration is very low or the surface Appl. Math. Modelling, 1997, Vol. 21, Junetension is insensitive to concentration variation compared to its sensitivity to temperature variations. For high surface Peclet numbers, i.e., when surface diffusion is negligible, Kim and Subramaniam'3 found out that the leadingorder migration velocity is given by Stokes drag law because thermocapillarity plays no role in the bubble migration at high Peclet numbers since interfacial mobility is crucial for the action of the thermocapillary effect. Therefore equation (9) with B = l/3 should be used when the surface elasticity number or the surface Peclet number is small; this equation may be used with B = 2/9 and no second term on the right-hand side when the surface Peclet number is large or when the bubble is entirely covered by surfactants.
Presentation of results
Equations (1) and (10) may be differentiated with respect to time, and dp/dt may be eliminated from these equations to obtain an ordinary differential equation for dR/dt, which together with dz/dt = u (cf. equation [9] ) may be velocities as functions of time for g = 981 cm/set*, i.e., the standard gravitational acceleration, and the Hadamard-Rybczynski drag law. In these figures, bubbles in both isothermal and nonisotherma1 gradients are considered. The isothermal glassmelt is characterized by a constant temperature that is equal to the arithmetic mean of TH and TB. time in isothermal glassmelts and is concave upwards and downwards, respectively, in glassmelts with positive and negative, respectively, temperature gradients. Figure 1 also shows that, initially, the bubbles in glassmelts with negative temperature gradients move faster than those in zero and positive temperature gradients due to the higher temperature at z = 0; however, in sufficiently deep glassmelts, the bubble moves faster in positive temperature gradients at large enough times. The bubble radius also increases as a function of time, and its value, at refining, is larger in positive thermal gradients. The buoyancy velocity increases in positive thermal gradients and decreases in negative ones, while it increases only slightly in isothermal glassmelts. These results are consistent with the dynamic viscosity employed here, which increases as the temperature decreases. Figure 1 also shows that the thermocapillary velocity is about three orders of magnitude smaller than the buoyant one. account of the larger buoyancy. Figure 3 corresponds to the same initial radius and temperature gradient as Figure  2 , but the temperatures TB and TH are lower. Comparisons between Figures 2 and 3 indicate that the bubble velocity decreases while the refining time increases as the mean temperature is decreased due to the increase in the viscosity of the glassmelt; however, both figures exhibit the same trends. Figure 4 corresponds to R(O) = 0.05 cm but has a larger temperature gradient and a higher mean temperature than those of Figure 3 . This is clearly illustrated in the results corresponding to isothermal conditions, which show that the refining time decreases as the mean temperature of the glassmelt is increased. For the temperature condition considered in this figure the refining time in negative thermal gradients is smaller than that in positive ones.
The results presented in Figures 1-4 indicate that, for the conditions analyzed here, the bubble radius at refining is, at most, 8% higher than the initial bubble radius. Figure 5 shows that the Reynolds, capillary, Marangoni, and E&OS numbers are smaller than 1 for the conditions of Gas bubbles in thermal gradients: J. 1. Ramos is about three orders of magnitude smaller than, but exhibits the same trends as, the Reynolds number; therefore the assumption that the bubble preserves its spherical shape is justified for all the conditions analyzed here (cf. Section 6). results are consistent with the fact that the bubble is treated as a solid when the Stokes drag law is employed.
Although not shown here the Weber number is about three orders of magnitude smaller than the Reynolds number; therefore the assumption that the bubble preserves a spherical shape is justified (cf. Section 6).
Themzocapillary regime without mass transfer
Some sample results illustrating the bubble radius and location as functions of time are presented in Figures 8  and 9 , which correspond to the thermocapillary regime with g = 0 and the same initial conditions, drag law, and temperature distributions as those of Figure 2 ; therefore comparisons among these figures clearly indicate the effects of buoyancy and thermocapillarity on bubble refining. Figure 8 indicates that bubbles in positive thermal gradients move slowly upwards, whereas those in negative ones move faster downwards. In either case the bubble motion is so slow that, for the times considered in this figure, the temperature may be assumed constant even for times equal to about 2 million sec. This is clearly shown in nn63. the thermocapillary velocity, which is almost constant. Furthermore the bubble radius at refining is much smaller than that corresponding to the buoyant regime.
Although not shown here the bubble velocity and radius increase as the initial bubble's radius is increased for the same temperatures TH and TB, whereas they decrease as the mean temperature of the glassmelt is decreased on account of the increase in dynamic viscosity as the temperature is decreased. It has also been observed that the bubble velocity and radius increase as the temperature gradient is increased. Figure 9 illustrates that, in the thermocapillary regime, the Reynolds number is much smaller than the Marangoni number, whose magnitude is comparable to that of the capillary number. Although not shown here the Weber number is about six orders of magnitude smaller than the Reynolds number; therefore the small magnitudes of these numbers ensure that the spherical bubble assumption (cf. Section 6) is justified for the conditions considered in this paper.
The relevance of the results presented here to glass refining by thermal migration of bubbles depends on the glassmelt characteristics because thermocapillary forces are strongly affected by inter-facial contamination and surfactants. If the bubbles are entirely covered by surfactants or the surface Peclet number is very high, surfactant diffusion on the bubble surface is negligible and thermocapiilarity plays no role, i.e., the bubble surface does not move. Therefore the results presented here are relevant to glass refining by bubble migration if and only if the elasticity number is small, the surface Peclet number is small, and/or surface tension is insensitive to surfactant concentration variations. Under these conditions, B = l/3 or 0 if there is or there is not gravitational acceleration, respectively. However, since the thermocapillary migration velocity is small for the temperature gradients encountered in industrial glassmelt processes, thermal migration of bubbles is not a useful refining technique except in gravitationless environments.
Buoyancy regime with mass transfer
As indicated by, for example, Cable,14 in addition to thermal and buoyant migration of bubbles, bubbles in a glassmelt may be eliminated by dissolution with or without refining agents. In this section, mass-transfer phenomena !I 4.
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-10: Figure IO shows the mole fraction of four of the five species in the bubble as functions of time for a bubble whose original content is oxygen. This figure indicates that the oxygen contained originally in the bubble is absorbed by the glassmelt, while nitrogen diffuses from the glassmelt to the bubble. The mole fraction of water vapor first increases steeply, and then decreases until a nearly constant value is reached. The mole fraction of carbon dioxide first increases and then decreases.
Figzwe 10 also shows that the time required for oxygen to diffuse out of the bubble increases as the temperature gradient is increased, while the peak mole fractions of carbon dioxide and water vapor increase as the thermal gradient is decreased from positive to negative values. Similar trends to those shown in Figure 20 have been observed for different initial bubble radii, mean temperatures, and temperature gradients in the glassmelt. For example the time required for the nitrogen to diffuse from the glassmelt to the bubble increases as the initial bubble radius and the thermal gradient are increased. Although not shown here the mole fraction of SO, exhibits similar trends to those of the water vapour, and the total number of moles within the bubble decreases as a function of time. The bubble radius also decreases as a function of time, i.e., the bubble is dissolved. Figure 11 shows that, for a bubble whose initial content was nitrogen, the mole fractions of oxygen and carbon dioxide increase while that of nitrogen decreases until almost constant values are reached. The time required to reach these constant values increases as the thermal gradient and the initial bubble radius are increased, and as the mean temperature of the glassmelt is decreased. The mole fraction of SO, exhibits the same trends as that of water vapor, i.e., it increases steeply at the beginning and then reaches a constant value. The total number of moles within the bubble and the bubble radius first increase and then decrease as a function of tune, and the bubble is eventually dissolved. 0.5 . 6.
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1. Although not shown here, when there is mass transfer between the bubble and the glassmelt, the bubble remains almost stationary for the conditions analyzed in this paper, and its radius decreases, i.e., the bubble is dissolved. Therefore for the flow conditions considered in this paper it may be stated that bubbles are quickly dissolved in the glass-melt and that buoyant and thermal migrations play no role on bubble elimination or glass-refining processes. Moreover the results presented in this section are in qualitative agreement with those the numerical predictions of Weinberg et a1.l' who used a quasi-stationary approximation in their numerical studies of the dissolution of stationary bubbles containing a diffusing and a nondiffusing gas, and with the experimental data of N&nec3 for bubbles dissolving in a glassmelt with 2% As,O, and 1% Na,O refining agents added to the melt as NaNO,. They are also in qualitative agreement with the experimental data of Cable,16 who showed that, during melting, coalescence plays an important part in removing bubbles, but that beyond the batch-free time seed bubbles are removed by dissolution and buoyant migration to the glassmelt surface, and that the first of these two processes is the more important one.
Conclusions
The motion of spherical gas bubbles in isothermal and nonisothermal glassmelts has been analyzed both analytically and numerically. The analytical studies provide expressions for the bubble radius and location as functions of time in the absence of mass transfer and have been obtained using a linear temperature gradient, a linear dependence of the surface tension on the temperature, and average values for the dynamic viscosity and/or surface tension. Three flow regimes have been analyzed: the buoyant, the thermocapillary, and the mixed buoyant-thermocapillary regimes.
Numerical solution to both the bubble radius and location have been obtained using the local values of both the dynamic viscosity and surface tension in the absence of mass transfer. These numerical results indicate that the bubble location is nearly a linear function of time in isothermal glassmelts and is concave upwards and downwards, respectively, in positive and negative, respectively, thermal gradients. It has been found that the bubble radius at refining is about 8% of the bubble's initial radius, while the bubble velocity increases as the initial bubble radius, mean temperature, and thermal gradient are increased. It has also been found that the Stokes drag law results in longer refinement times than the Hadamard-Rybczynski one and that the assumption of spherical bubbles is a valid one, at least, for the conditions considered in this paper. Bubbles in zero-gravity environments and without mass transfer move slowly, and the bubble radius and velocity increase as the initial bubble radius and temperature gradient are increased, but they decrease as the glassmelt mean temperature is decreased.
Numerical studies of gas bubbles with mass transfer in nonisothermal glassmelts indicate that, for an initial bubble containing only oxygen, nitrogen, carbon dioxide, and water vapor diffuse from the glassmelt to the bubble, whereas the oxygen diffuses from the bubble to the glassmelt. The time required by the bubble to be dissolved increases as the initial bubble radius, mean temperature, and thermal gradient are increased. For bubbles that initially contain only nitrogen it has been observed that the mole fraction of nitrogen decreases while those of water vapor, carbon dioxide, and oxygen increase until nearly constant values are reached. It has also been shown that the radii of oxygen bubbles decrease monotonically as a function of time, while those of nitrogen bubbles first increase and then decrease until the bubble is completely dissolved in the glassmelt. 
